Certain high-T c cuprate superconductors, which naturally realize a stack of Josephson junctions, thus can be used to generate electromagnetic waves in the terahertz region. A plate-like single crystal with 10 4 junctions without cavity resonance was proposed to achieve strong radiation. For this purpose, it is required to synchronize the Josephson plasma oscillation in all junctions. In this work, we propose to use two stacks of junctions shunted in parallel to achieve synchronization. The two stacks are mutually synchronized in the whole IV curve, and there is a phase shift between the plasma oscillation in the two stacks. The phase shift is nonzero when the number of junctions in different stacks is the same, while it can be arbitrary when the number of junctions is different. This phase shift can be tuned continuously by applying a magnetic field when all the junctions are connected by superconducting wires.
I. INTRODUCTION
The Josephson effect predicted a half century ago can be used to convert an dc current input into high frequency electromagnetic (EM) oscillations. The angular frequency ω of the EM radiation can be tuned continuously by the dc voltage V according to the ac Josephson relation ω = 2eV/ . The radiation from a single Josephson junction however is weak, of the order of pW [1] [2] [3] due to the large impedance mismatch 4 . One natural way to enhance the radiation power is to fabricate arrays of Josephson junctions on a chip. [5] [6] [7] [8] [9] Once the arrays are fully synchronized, their coupling via the radiation field enhances and the radiation power becomes proportional to the number of the junction squared, a phenomenon known as superradiation. In 1992 it was discovered that certain highly anisotropic cuprate superconductors, such as Bi 2 Sr 2 CaCu 2 O 8+δ (BSCCO) naturally realize a stack of intrinsic atomic-scale Josephson junctions (IJJs). 10 These junctions are homogeneous for a high quality crystal and they are coupled electromagnetically. Moreover because of the large superconducting energy gap, ∼ 60 meV, the radiation frequency can be in the terahertz (THz) region, where the EM waves are promising for applications but are difficult to generate.
Soon after the discovery of the IJJs effect, tremendous efforts have been made to excite strong THz radiation from cuprate superconductors, mainly BSCCO. [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] In 2007, strong and coherent radiation of THz EM waves was observed experimentally in a mesa structure of BSCCO with number of junctions about several hundred. 29 In such mesas with moderate number of junctions the Josephson plasma oscillations are synchronized by the cavity formed by the mesa itself, thus the radiation frequency is determined by the geometry of the mesa. For a rectangular mesa with dimension L x × L y × L z , the wave vector of cavity modes is k
Typically L x ≈ 50 µm, L y ≈ 300 µm and L z ≈ 1 µm. The in-phase modes with n z = 0 are responsible for the strong radiation. The radiation frequency is f = c|k|/(2π √ d ) with d ≈ 10 being the dielectric constant of BSCCO. In most experiments, the mode (n x = 1, n y = 0, n z = 0) was excited; while other high order modes with n z = 0 have also been observed recently. 30 It is argued that it is the strong in-plane dissipation which is responsible for the selection of the n z = 0 mode. 31, 32 For a review on the recent progress, see Refs. [33] [34] [35] .
The observation of radiation from BSCCO crystal with the crystal working as a cavity (cavity design) has attracted considerable attention in the last several years for the possible high radiation power and extremely narrow linewidth 30, 36, 37 . However the frequency tunability is limited in the cavity design. In 2007, an alternative design using a plate-like crystal was proposed. 19 In this plate design, the crystal along the c axis is tall (typically L z ≈ 40 µm, thus involves 25000 junctions). The lateral size is assumed to be about L x × L y ≈ 4 × 300 µm 2 . Such L x is too short to support the cavity modes with frequency below the superconducting energy gap. It was shown that strong THz radiation can be achieved when the junctions are fully synchronized, with continuously tunable frequency since no cavity resonance is required in this design. The radiation power can be as high as 1 mW with a relative intrinsic linewidth as narrow as 10 −8 . 38 It was shown that at such large number of junctions the in-phase oscillation of Josephson plasma can be stabilized by the radiation fields.
At the initial stage after switching on the dc current, when IJJs are not synchronized, the radiation is weak thus it may be difficult to drive the system into the state with in-phase plasma oscillations, despite that the in-phase state with a strong radiation is stable. It was proposed then to synchronize a stack of IJJs with a shunt capacitor. 38, 39 By redistributing the current in the different branches of the circuit according to the phase dynamics of the IJJs, the capacitor can synchronize the plasma oscillations in the stack without the help of the radiation fields. The IJJs can also be synchronized by a shunting resistor or inductor, or by a more complicated shunt circuit. 40 However, it is required that these shunting elements are capable of working in the THz band, which might be difficult to realize experimentally.
In this work, we propose to synchronize the Josephson plasma oscillations in junctions by shunting two stacks of IJJs in parallel. Since a Josephson junction can be regarded as a nonlinear inductor shunted by a resistor and a capacitor as depicted in Fig. 1 versa. In this case one can obtain much stronger radiation power since both stacks are synchronized and contribute to the total radiation power. We show that the two stacks are synchronized along the whole IV curve. When the number of junctions in different stacks is the same, there is a nonzero phase shift between the plasma oscillation in the two stacks. When the number of junctions is different, the phase shift can be arbitrary. The phase shift can be tuned continuously by applying a magnetic field when junctions are connected by superconducting wires.
II. MODEL
We consider two stacks of short IJJs biased by a dc current as sketched in Fig. 1 . We neglect the effect of radiation in the initial stage after switching on the bias current. Thus the superconducting phase is uniform in the lateral direction when the fluctuations are neglected. We then simplify the stack into one dimensional array of point-like Josephson junctions. The weak capacitive coupling between neighboring junctions is also neglected in the following calculations. 41 The Josephson junction is modeled as a nonlinear inductor, shunted by a resistor and a capacitor as shown in Fig. 1 (b) . It is known that even in the presence of small variation of parameters, the junctions can still be synchronized 19 . For simplicity we assume that the parameters for different junctions are identical. The equation of motion for the gauge invariant phase difference φ l , θ l in the l-th junction can be written as
where the dimensionless units have been used: current is in units of the Josephson critical current I c ; frequency is in unit of the Josephson plasma frequency ω p = √ 2eI c /( C J ) with C J the junction capacitance; voltage is in units of ω p /(2e). I φ and I θ are the current, φ l and θ l are the phase difference at the left and right stack respectively. Here β is the dimensionless conductivity β ≡ √ /(R J √ 2eI c C J ) with R J being the junction resistance. For BSCCO, the phase dynamics in IJJs is underdamped, β 1, which manifests as hysteretic IV curves.
A. The same number of junctions in the two stacks First we study the case that number of junctions in both stacks is the same N φ = N θ . When the junctions are fully synchronized in the stacks, i.e. φ l = φ 0 and θ l = θ 0 , the solution in the voltage state with ω 1 can be written as
where we have accounted for the possible phase shift γ between the left and right stack. Substituting Eq. (4) into Eqs. (1), (2) and (3) and comparing each component with the same frequency, we obtain Note the voltage at both stack is equal at any time according to Eq. (3) , i.e.φ 0 (t) =θ 0 (t). The corresponding IV characteristics is
We then study the linear stability of the uniform solution by adding a small perturbation to the uniform solution φ l = φ 0 + φ l , θ l = θ 0 +θ l . The system has the permutation symmetry, i.e. does not depend on the order of the Josephson junction in the stack, and we introduce ∆ φ,l = φ l+1 − φ l . The equation for ∆ φ,l is∆
and similarly for ∆ θ,l . The uniform solution is stable only when ∆ φ,l and ∆ θ,l decay with time. The perturbation ∆ φ,l couples nonlinearly with the oscillation cos(φ 0 ) and frequency harmonics are induced. The solution to Eq. (7) can be written as
with Ω 1. The uniform solution is stable when and only when Im[Ω] < 0 for all solutions Ω. We have neglected higher frequency components pω − Ω with integer |p| > 1 because they are small, a p ∼ 1/(p 2 ω 2 ), when ω 1. Substituting Eq. (8) into Eq. (7) and comparing each frequency component, we have
− Ω 2 a 0 − iβΩa 0 + Re
From Eqs. (9) and (10) we obtain the equation for Ω which determines the spectrum of the perturbation ∆ φ,l
The spectrum for the perturbation ∆ θ,l is the same. The uniform solution therefore is stable for any γ 0. To go beyond the above linear stability analysis, we also solve Eqs. (1), (2) and (3) numerically with a random initial state. The degree of synchronization is captured by the order parameter
Here r φ is positively defined. We compute the average of r φ (t)
and take t f → +∞. In the fully synchronized state r φ = 1. The IV characteristic presented in Fig. 2(a) is typical for underdamped junctions: starting from a superconducting state at I ext = 0, the system switches into the voltage state at I θ > 1 and I φ > 1. The system remains in the voltage state even when I φ or I θ are reduced below the critical current. The IV curve at high voltage is linear. The system retraps into zero-voltage state once the current is below a threshold current or retrapping current. As shown in Fig. 2 (b) r φ = 1 and r θ = 1 indicating that the junction are fully synchronized in the voltage state, which is consistent with the analytical calculations. The time dependence of voltage, r φ and r θ is depicted in Fig. 2 (c) and (d). The stacks are fully synchronized after 100/ω p at I ext = 0.2. The synchronization time decreases with current. In the synchronized state, there is an undetermined phase shift between the left and right stack suggested from the above linear stability analysis. The phase difference γ can be determined from the order parameter Ψ φ and Ψ θ , γ = arg(Ψ φ Ψ * θ ). We calculate the distribution of γ by repeating the simulation 5000 times with different random initial states, and the results are shown in Fig. 3 . The distribution of γ has a peak around π because γ = π is the most stable case according to Eq. (11) . Contrarily, the distribution around γ = 0 is zero because the synchronized state is neutrally stable for γ = 0. The dc current contribution due to the plasma oscillation [the second term at the right hand side in Eq. (6)], which is proportional to 1 + cos γ, is small, and the IV curve becomes ohmic I ext ≈ 2βω.
B. Number of junctions in the two stack is different
We proceed to investigate the situation when N φ N θ . In this case, the voltage per junction at the two stacks are different, N φ ω φ = N θ ω θ . As the total voltage at the two stacks is equal at any time, there are plasma oscillation both at frequencies ω φ and ω θ in the two stacks in the synchronized state. The solution θ 0 and φ 0 in the region ω θ 1 and ω φ 1 can be written as
. (15) Again we have taken the possible phase shift γ between the two stacks into account. The amplitude of the plasma oscillation is
The IV characteristic is I ext = β(ω φ + ω θ ) + I p with the plasma oscillation contribution I p
We then perform the similar stability analysis for the uniform solution as done for the N φ = N θ case. The perturbation with frequency Ω 1 and amplitude a 0 will induce higher harmonics pω φ − Ω with amplitude (pω φ ) −2 a 0 and also the frequency component ω θ − ω φ − Ω with amplitude (ω θ − ω φ − Ω) −2 A φ2 a 0 . We assume that ω θ and ω φ are well separated |ω φ − ω θ | 1 or |1 − N φ /N θ |ω φ 1. The frequency component ω θ − ω φ − Ω has amplitude of the order of A φ2 /(ω φ − ω θ ) 2 , which is small compared to 1/ω 2 φ . We may neglect the frequency component ω θ − ω φ − Ω, and we obtain the spectrum for the perturbations with respect to φ 0 The spectrum for the perturbations with respect to θ 0 is obtained by replacing the expression in the right hand side of Eq. (17) by
. The perturbations always decay with time because Im[Ω] < 0, thus the uniform solution is stable. Note here Ω is independent of γ, which is different from the case with N φ = N θ . We have also calculated Eqs. (1), (2) and (3) numerical with N φ = N θ /2 = 10 starting from a random initial state and the results are qualitatively similar to those in Fig. 2 for N φ = N θ . However for the phase difference between the two stacks in the synchronized state as shown in Fig. 3 , we found that γ can be any value in contrast to the case N φ = N θ where only γ 0 is allowed. Note that the distribution of γ is not uniform which indicates that the basin of attraction for certain γ occupies larger volume in the phase space.
III. DISCUSSIONS AND CONCLUSIONS
Here we propose to achieve mutual synchronization by shunting two stacks of short intrinsic Josephson junctions in parallel. The junctions are fully synchronized after several hundreds of 1/ω p starting from a completely disordered state. In the synchronized state, the strong radiation fields also tend to stabilize the uniform oscillating state. 19 When the number of junctions between the two stacks is the same, there is a nonzero phase shift between the two stacks. According to Fig. 3 , the most probable phase shift is γ ≈ π. This outof-phase oscillation in the two stacks is harmful for obtaining strong THz radiation. One may introduce a mirror to separate the radiation fields from the two stacks. When the number of the junctions between the two stacks is different, the phase shift can be arbitrary. In both cases, one may tune the phase shift by using superconducting wires to connect these junctions and applying an external magnetic field in the loop closed by the two stacks. The phase shift is determined by
Here Φ is the flux in the loop closed by the two stacks and Φ 0 = hc/(2e) is the quantum flux. When Φ varies continuously, the phase shift also changes correspondingly which affects the far-field radiation pattern. The IV characteristics for BSCCO is extremely hysteretic, and it may be difficult to control the number of junctions in the voltage state in both stacks. Therefore the case with N φ N θ is more relevant to experiments.
We then compare the synchronization of multiple mesas through the substrate with the present proposal. Recently multiple mesas were fabricated atop of BSCCO single crystal, where much strong radiation power was achieved by synchronizing these mesas. 43, 44 In Ref. 45 it is demonstrated that the mesas can be synchronized via the plasma oscillation in the basal crystal. The plasma in mesas propagate into the basal crystal and then establish mutual interaction among the plasma oscillation in different mesas. This coupling is strongest when the width and position of the mesa are commensurate with the wave structure of plasma oscillation in the basal crystal. Meanwhile the synchronization is achieved only when the bias voltage/current is tuned such that the cavity resonance condition for each mesa is satisfied. The present design using two stacks of junctions is much simpler and easier to achieve synchronization. The two stacks are fully synchronized in the whole IV curve. Moreover the phase difference of the radiation fields from the two stacks can be controlled with an external magnetic field.
Finally we discuss the effect of thermal fluctuations on the synchronized state. Generally speaking the thermal noise destroys the synchronized at a critical temperature T m , i.e. the melting of the synchronized state. Although there is an arbitrary phase shift between the two stacks in the case with N φ N θ , the synchronized state is robust against weak fluctuations, because the effective dimensionality of the system is infinite or mean-field type. The junction is coupled with the current through it, which depends on the phase dynamics of the rest junctions in the circuit. In this way, the junction is coupled to rest of junctions. This is crucial for synchronization since the lower critical dimension for the phase synchronize is four. 46 The melting transition in the case of a capacitor shunt was studied 39 and the melting is a second order phase transition r φ ∼ (T m − T ) η with the exponent η = 1/2, consistent with the mean-field expectation value. We expect a similar mean-field type melting transition when the temperature is increased in the present system.
To summarize, we have proposed to synchronize a stack of intrinsic Josephson junctions by shunting another stack of junctions in parallel. The junctions are fully synchronized in the whole IV curve. When the number of the junctions in different stacks is identical, there is a nonzero phase shift between the plasma oscillation in different stacks. When the number of junctions is different, the phase shift can be arbitrary. This phase shift can be tuned continuously by applying an external magnetic field when all junctions are connected by superconducting wires.
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